Abstract. A theorem of Katanaga, Saeki, Teragaito, and Yamada shows that the Price twist generalizes the Gluck twist of a 4-manifold. We are able to give a new proof of this theorem using certain trisection diagrams and recent techniques of Gay and Meier, and Kim and Miller. In particular, this answers a question of Kim and Miller. 
Introduction
Trisections of 4-manifolds were introduced by Gay and Kirby in 2012 as a 4-dimensional analogue of Heegaard splittings. Recently, they have been used to prove classical results [LC18] [LC19], as well as understand embedded surfaces via bridge trisection diagrams [MZ18] [GM18] . We extend these ideas, using trisections to understand certain surgeries on 4-manifolds.
Given an embedded sphere S = S 2 in a 4-manifold X with Euler number 0, one can remove a tubular neighbourhood S 2 × D 2 and re-glue it by a nontrivial diffeomorphism (up to isotopy) of S 1 × S 2 . The resulting manifold is called the Gluck twist of X along S, and we denote it by Σ S (X).
A similar surgery can be performed on embedded projective planes. If P is a projective plane in a 4-manifold X with Euler number ±2, then one can remove the associated nonorientable disk bundle N ±2 and re-glue it by an automorphism of its boundary Q = ∂N . While there are more nontrivial automorphisms of Q than of S 1 × S 2 , Price [P77] showed that there is only one candidate automorphism which could possibly produce an exotic copy of X. The resulting manifold is called the Price twist of X along P , and we denote it by Π P (X). Note that by a theorem of Massey [M69] , all projective planes in S 4 have Euler number ±2. In many settings, both surgeries are known to produce exotic 4-manifolds [A09] but are most interesting in the case of X = S 4 . In this paper, we use relative trisection diagrams to give a new proof of the following theorem that relates these surgeries, proved by Katanaga, Saeki, Teragaito, and Yamada in 1999 [KSTY99] .
Theorem ([KSTY99]
). Let X be a 4-manifold. Let K ⊂ X be an embedded sphere with Euler number 0, and let P ± ⊂ X be an unknotted projective plane with Euler number ±2. Then Σ K (X) is diffeomorphic to Π K#P± (X). This is made possible by recent work on trisection diagrams of complements of surfaces in 4-manifolds. In particular, the existence of a trisection-diagrammatic proof of this theorem answers a question of Kim and Miller. Organization. This paper is organized as follows. In Section 2, we review the definitions of trisections and trisection diagrams. In Section 3, we briefly review recent work by Gay and Meier, and Kim and Miller on trisection diagrams of complements of surfaces in 4-manifolds. Finally, in Section 4 we illustrate a proof of the equivalence of Gluck and Price twists using trisection diagrams.
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Trisections of 4-manifolds
Definitions. In this section, we briefly review the definition of a trisection.
•
When k 1 = k 2 = k 3 the trisection is called balanced. For more exposition, [GK16] , [CGPC18b] , [MZ18] are excellent references.
For 4-manifolds with boundary, one must take more care. In a relative trisection, the boundary of X also decomposes into three pieces, and this induces a choice of open book decomposition on ∂X.
Definition 2.2 ([C15])
. A (g, k; p, b) relative trisection of a 4-manifold X with connected nonempty boundary is a a decomposition (X 1 , X 2 , X 3 ) such that:
, a genus g surface with b boundary components;
Moreover, the boundary ∂X decomposes in the following way:
In particular, the open book decomposition of ∂X has page Σ p,b , and binding ∂Σ p,b . If ∂X is connected, then the pages are also necessarily connected. This key observation is required to compute trisections of surface complements [KM18] [GM18]. The following fundamental results allow us to study 4-manifolds (with or without boundary) via trisections:
). Every closed, connected, oriented 4-manifold X has a trisection, and any two trisections of X become isotopic after sufficiently many stabilizations.
Theorem ([GK16]
). Let X be a closed, connected, oriented 4-manifold with nonempty connected boundary, and fix an open book decomposition of ∂X. Then there is a relative trisection of X inducing the given open book. Any two relative trisections for X inducing isotopic open books on ∂X become isotopic after sufficiently many stabilizations.
An important feature of trisections is that they can be described diagrammatically, since a trisection is determined by its spine (the subset X i ∩ X j ). To describe a trisection, one requires a tuple (Σ g , α, β, γ), where α, β, γ are collections of g curves on Σ g . In the relative case, the surface is allowed to have boundary components, and one augments the diagram with sets of arcs a, b, c between boundary components. These form a cut system for the α, β and γ pages, respectively. The important diagrammatic result for our purposes is the following:
). Every trisection of a 4-manifold can be represented by a trisection diagram. Moreover, two diagrams describe diffeomorphic 4-manifolds if and only if they are related by stabilization, handle slides (among curves of the same type), and diffeomorphisms.
For expositions of relative trisections and manipulations of their diagrams, see [GM18] , [CGPC18a] [CGPC18b], and [C15] . Trisection diagrams can be quite complicated in general, but some standard 4-manifolds admit diagrams of low genus. Some examples are given below. By [CGPC18a] , arced relative trisection diagrams can be glued together, provided that the induced open book decompositions on the boundary are orientation reversing diffeomorphic. The abstract monodromy can be computed from the diagram, and does not depend on the choices made throughout their algorithm. Given choices of arcs for the relative trisection diagrams this corresponds to gluing the two diagrams and joining the arcs to form closed curves.
Bridge trisections of surfaces. In [MZ17] and [MZ18], Meier and Zupan generalized bridge splittings of knots in S
3 to knotted surfaces in 4-manifolds. We recall the definition of a bridge trisection.
Definition 2.5. Let X be a 4-manifold and S ⊂ X an embedded surface. Suppose that X has a (g, k)-trisection T . Then S is in bridge position with respect to T if:
• S ∩ X i is a disjoint union of c i disks;
In [MZ18] it is shown that any surface S can be isotoped to lie in (b, c) bridge position with respect to T for some b and c. In fact if S is connected, one can meridionally stabilize the trisection to induce a (3 − χ(X), c )) bridge trisection of S for some c . This increases the genus of the trisection surface in order to decrease the bridge index. In particular, 2-knots can be put in 1-bridge position, and embedded projective planes can be put in 2-bridge position.
For exposition on bridge trisected surfaces and the various stabilization operations, see [MZ18] .
Example 2.6. We illustrate these techniques with an example. Consider the spun trefoil S = S(3 1 ). With respect to the trivial trisection of S 4 , S can be described by the triplane diagram (graphics of the three trivial b-tangles) in Figure 5 . Meridionally stabilizing the bridge trisection once gives the schematic in Figure  6 , which records S with respect to a (1; 1, 0, 0) trisection of S 4 . For more detailed examples and exposition, see [MZ18] .
Trisection Diagrams of Surface Complements
We now summarize some recent results on relative trisection diagrams of surface complements, with illustrated examples. Suppose that X is a 4-manifold and K ⊂ X is a embedded (connected) surface. In general, to produce a trisection diagram of X \ ν(K), one fixes a trisection T of X and starts with a (b, c) triplane diagram for K, recording its position with respect to T . By [MZ18] , one can meridionally stabilize T until K is in (3 − χ(K)-bridge trisected position if desired. A triplane diagram for P + is illustrated in Figure 7 below, thought of as part of the genus zero trisection of S 4 . Figure 7 . A triplane diagram for P + , describing a (2, 1) bridge trisection in S 4 .
If K is a sphere, then a trisection of X \ ν(K) can essentially be obtained by deleting a tubular neighbourhood of K from each sector of X. If K is not a sphere, then this never produces a trisection of X \ ν(K). However, this decomposition of X \ν(K) can be improved to a trisection using the boundary stabilization technique developed in [KM18] .
Definition 3.1.
[KM18] Let X be a 4-manifold with non-empty boundary. Let
be a fixed open tubular neighbourhood of C. Let:
They show that in general, a trisection for X \ ν(K) can be obtained by deleting a tubular neighbourhood of K from each sector, and then boundary stabilizing the resulting decomposition. In the case of the unknotted projective plane P − ⊂ S Gay and Meier [GM18] studied the special case of surgery along 2-knots in detail. To perform a Gluck twist, no boundary stabilization is needed, and for our purposes the relevant result is the following (Theorem C Part 2):
). Let X be a 4-manifold and suppose K ⊂ X is a 2-knot. Suppose that D 0 is an arced trisection diagram for the 2-knot exterior X \ ν(K). Then the result of Gluck surgery along K in X is described by the trisection diagram
The diagrammatic content of this theorem is illustrated in Figure 9 . Here and in the sequel, we draw a grey arc to indicate arbitrary curves or arcs as in [GM18] . We also adopt the convention that arcs in a trisection diagram are colored lighter than closed curves. As noted in [GM18] , D a is not a trisection diagram of a 4-manifold, but features as though it is. We will observe a similar phenomenon in the next section.
Diagramatic Proof
4.1. Reducing to diagrams. We now give a proof of the theorem of [KSTY99] . Note that this is actually only a part of a trisection diagram. We abuse language slightly by referring to it as such.
Proof. Let K ⊂ X be a 2-knot with Euler number 0, and T a (0-annular) trisection of X \ ν(K) with diagram D X\ν(K) . Let P ± ⊂ X be an unknotted RP 2 with Euler number ±2. By [KM18] , a diagram for X \ ν(K#P − ) can be obtained as D X\ν(K) ∪ D S 4 \P− . This is illustrated in Figure 11 below. For clarity, the arcs in these relative trisection diagrams have been omitted. They appear in full in Figure  10 .
By the gluing results of [KM18] the manifold Π K#P− (X) can be obtained from this union by adding the diagram D ν(P−) . Indeed, the monodromy of the open books on ν(P − ) consist of ±2 Dehn twists about each boundary component, with signs as labeled.
We see that if Moreover, preferred diagrams for P + can be obtained by taking the mirror images of the two diagrams above: to prove the statement for P ± it suffices to prove it for P − . Proof. We start by labelling some curves in Figure 10 . This is illustrated in Figure  12 . We continue to adopt the convention that arcs in diagrams are colored lighter than closed curves, even though these are all closed curves in the diagram for Π X#P− (X).
Since we will perform many handle slides and destabilizations, any labels will be specific to each figure and will change during the proof. Figure 12 . The starting point, with labels.
We observe we can destabilize Figure 12 using the curve α, since we can easily make β and γ parallel after some handle slides. Specifically, slide β over β 1 , β 2 and β 3 to make it parallel to γ. Then, slide the arc c over γ 1 and then γ 1 over γ so that we will be able to destabilize the diagram via (α, β, γ). One obtains the diagram in Figure 13 . To destabilize, we surger the α curve and erase the β, γ curves. After redrawing, we obtain the diagram in Figure 14 . We now note that in Figure 16 , the curve γ meets the arcs a and b exactly once. Moreover because the trisection for X \ ν(K) is 0-annular, a and b are parallel outside of this part of the diagram. Thus after some handle slides, we will be able to destabilize using a, b and γ.
In order to do this, we first arrange γ to look more standard. We perform two Dehn twists along β 1 and one Dehn twist along the curve labelled d. After doing this, we obtain Figure 17 . Now that γ is relatively standard, we perform some handle slides so that we may destabilize the diagram. In Figure 17 , slide α over α 1 , and then α 1 over a. Next, slide β 1 over b. Last, slide c over γ 1 and γ. This removes all other intersections with γ so that we may eventually destabilize. The result of these handle slides is illustrated in Figure 18 below. We now proceed to destabilize Figure 18 using (a, b, γ) . This takes slightly more visualizing than the previous two destabilizations, but the result after a mild isotopy is illustrated in Figure 19 . The next step is similar, but slightly more involved. We note that in Figure 19 , the curve β intersects the α and γ curves each once. If we can arrange α and γ to be parallel, we will be able to destabilize the diagram again.
First, perform a Dehn twist to make the curve α 1 standard. Then, slide the c arc over γ. These two moves simplify the diagram somewhat. Now, slide the a arc over both α curves so that it is parallel to c. Because we have made both α curves standard, this can be done easily. Lastly, slide γ over c and α over a so that they no longer intersect β.
The result after these handle slides is illustrated in Figure 20 . Destabilizing using (a, β, c) gives Figure 21 . We now only need to perform one more destabilization. In Figure 21 , slide a over α twice. Next, do a Dehn twist along α to make the curve β standard.
If we now slide b over the standardized curve β, it becomes parallel to c, and both b and c intersect α exactly once. To destabilize, we only need to perform handle slides to remove all other intersections with α. To do this, slide β over b and γ over c. The result is illustrated in Figure 22 . We can now destabilize Figure  22 using (α, b, c) . This is illustrated in Figure 23 .
Up to Dehn twists, we see that Figure 23 is in fact equivalent to the diagram D b (Figure 24 ). This completes the proof. 
